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THE UMBILICAL LOCUS ON THE BOUNDARY OF STRICTLY
PSEUDOCONVEX DOMAINS IN C2.
PETER EBENFELT
Abstract. The main objective of this paper is to survey some recent results on the
Chern–Moser question concerning existence of umbilical points on three dimensional
CR submanifolds in C2.
1. Introduction
In their seminal paper [4] from 1974, S.-S. Chern and J. K. Moser posed the problem
of understanding what compact strictly pseudoconvex three-dimensional CR manifolds
lack (CR) umbilical points. By the work of E. Cartan [2, 3], in which he classified
homogeneous three-dimensional strictly pseudoconvex CR manifolds, it is known that
there are homogeneous, compact and strictly pseudoconvex CR manifolds of dimension
three without umbilical points. In fact, Cartan showed that the only homogeneous such
manifolds are
(1) µα := {[z0 : z1 : z2] ∈ CP2 : |z0|2 + |z1|2 + |z2|2 = α|z20 + z21 + z22 |}, α > 1,
and their covers, later classified in [13] as a 4 : 1 cover µ
(4)
α (diffeomorphic to a sphere)
that factors through a 2 : 1 cover µ
(2)
α (consisting of the intersection of sphere and a
nonsingular holomorphic quadric in C3). It is known that none of these embed in C2,
and that those that are diffeomorphic to a sphere, µ
(4)
α , do not embed in Cn for any n.
These observations led to the following long-standing and well known question concerning
the geometry of domains and their boundaries in several complex variables: Does there
exist a bounded strictly pseudoconvex domain D ⊂ C2 with smooth boundary M := ∂D
such that M has no (CR) umbilical points? This question was recently settled by the
author, jointly with N. S. Duong and D. Zaitsev, in [6] where the following theorem was
proved:
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Theorem 1.1 ([6]). For any ǫ > 0, let Dǫ be the bounded strictly pseudoconvex domain
in C2 given by
(2) (log |z|)2 + (log |w|)2 < ǫ2.
The boundary Mǫ := ∂Dǫ ⊂ C2 is a compact strictly pseudoconvex CR manifold without
umbilical points.
The boundaries Mǫ are diffeomorphic to the 3-torus T
3, and in particular have non-
trivial fundamental group. In Section 3 below, we explain where the domains in Theorem
1.1 come from, and show (Theorem 3.1) that there are smoothly bounded strictly pseu-
doconvex domains in C2, without umbilical points on the boundary and with arbitrarily
large negative Euler characteristics. (The domains Dǫ in Theorem 1.1 have Euler char-
acteristic 0.) It is still unknown whether there are examples that are simply connected.
A refined Chern–Moser question can then be formulated as follows:
Question 1.2. Does there exist a bounded strictly pseudoconvex domain D ⊂ C2 with
smooth boundary M := ∂D such that M has no (CR) umbilical points and M is diffeo-
morphic to the sphere?
Remark 1.3. Recall that the only homogeneous compact strictly pseudoconvex CR man-
ifolds of dimension three that have no umbilical points and are also diffeomorphic to
the sphere are the 4:1 covers µ
(4)
α of E. Cartan’s µα. The CR manifolds µ
(4)
α coincide
with H. Rossi’s examples of non-embeddable CR manifolds in [17] and are therefore not
embeddable in Cn for any n. The following weaker version of Question 1.2 is also open:
Does there exist a compact strictly pseudoconvex three-dimensional CR manifold that has
no umbilical points, is diffeomorphic to the sphere, and is embeddable in Cn for some n?
The purpose of this paper is to survey what is known (to the author) about the
questions posed above (regarding existence of umbilical points), and also to point out
some additional questions and problems on the topic that are still open. The main results
presented here are based on the author’s joint work with S.N. Duong and D. Zaitsev in
[5], [7], and [6].
Before proceeding, however, we should mention that these questions are particular to
C2 (or, more precisely, to CR manifolds of dimension three). It became clear already
in [4] that there is sharp difference between umbilical points on boundaries of strictly
pseudoconvex domains in C2 and in Cn with n ≥ 3. To begin with, umbilical points in
Cn with n ≥ 3 are determined by the vanishing of a 4th order tensor (the CR curvature),
whereas umbilical points in C2 are determined by the vanishing of a 6th order tensor
(discovered already by E. Cartan [2, 3] in the early 1930’s, and usually referred to as
3”E. Cartan’s 6th order tensor”). A simple Thom transversality argument (see, e.g., [7])
shows that a generic (i.e., sufficiently general) strictly pseudoconvex domain in Cn with
n ≥ 4 does not have any umbilical points in its boundary, and Webster [19] showed
that, in particular, every non-spherical real ellipsoid in Cn with n ≥ 3 has no umbilical
points. On the other hand, in contrast with Webster’s result and showcasing the point
that the situation in C2 and that in Cn with n ≥ 3 is different, X. Huang and S. Ji
[12] proved that every real ellipsoid in C2 must have umbilical points. An application
of Thom transversality in the case of strictly pseudoconvex domains Ω in C2 shows that
generically the set of umbilical points on the boundary M = ∂Ω is either empty (as in
Theorem 1.1) or form smooth curves in M (as in Theorem 1.4 below).
The paper is organized as follows. In Section 1.1, we first present a negative answer
to Question 1.2 for domains with a transverse and free circle action. In Section 2, we
present some preliminary material on umbilical points, including their definition as the
zero locus of E. Cartan’s 6th order tensor as well as a global formula for this tensor.
Section 3 introduces Grauert tubes and their boundaries, which provide a context for
Theorem 1.1. In particular, Theorem 3.1 in that section yields additional domains in
C2 without umbilical points on the boundary and with arbitrarily large negative Euler
characteristics. In Section 4, we discuss the existence of umbilical points on perturbations
of the sphere. The main result in this section is also a negative answer to Question 1.2
in the context of suitably generic almost circular perturbations.
1.1. A negative result. In joint work with S. N. Duong [5], the author has shown that
the answer to Question 1.2 is negative provided that the domain is assumed to have
additional symmetry. Recall that a domain D ⊂ Cn is said to complete circular if Z ∈ D
implies that the disk {ζZ : ζ ∈ D} is contained in D; here, D denotes the unit disk in C.
The following result was proved in [5]:
Theorem 1.4 ([5]). Let D ⊂ C2 be a bounded, strictly pseudoconvex, complete circular
domain with smooth boundary M := ∂D. Then, M has a non-empty locus of umbilical
points.
Theorem 1.4 is a consequence of a more general result concerning the existence of
umbilical points on CR manifolds with a circle action. Let M be a compact, strictly
pseudoconvex, three dimensional CR manifold and assume that there is a free action of
U(1) on M via CR automorphisms, such that the action is everywhere transverse to the
CR tangent spaces of M . We shall let X denote the smooth compact surface obtained
by π : M → X := M/U(1). This Riemann surface can be given a complex structure
by T 1,0X := π∗T
1,0M and M can in fact be identified with the unit circle bundle in a
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positive (or negative) holomorphic line bundle over X ; see [8] for details. We note that
if p ∈ M is an umbilical point, then the entire U(1)-orbit π−1(π(p)) is umbilical. In [5],
the following result, which is more general than Theorem 1.4, was also proved.
Theorem 1.5 ([5]). Let M be a compact, strictly pseudoconvex, three dimensional CR
manifold with a transverse, free CR U(1)-action. If the compact surface X := M/U(1)
is not a torus (i.e., does not have Euler characteristic zero), then the locus of umbilical
points contains at least one U(1)-orbit.
Remark 1.6. We note that the domains in Theorem 1.1, being Reinhardt domains, have
a free CR U(1)-action. However, this action is not transverse, and Theorem 1.5 does not
apply.
Theorem 1.5 in turn follows from a Poincare´-Hopf type index formula for umbilical
circles in the setting of three dimensional CR manifolds M with a transverse, free CR
U(1)-action. The local index ιp of the umbilical locus U ⊂ M at a point p ∈ U where
U is a smooth curve was introduced in [7] and is described in Section 2.2 below. In the
context of strictly pseudoconvex, three dimensional CR manifolds with a transverse, free
CR U(1)-action, the umbilical locus U consists of circles π−1(ζ) for ζ ∈ X = M/U(1).
The index of an isolated umbilical circle Oζ := π
−1(ζ) was introduced in [5] as the local
index ιp for any p ∈ π−1(ζ), and the following index formula was proved for M such that
U consists of isolated circles,
(3)
∑
ζ∈X
ι(Oζ) = χ(X),
where χ(X) = 2 − 2g denotes the Euler characteristic of X = M/U(1). Theorem 1.5
follows immediately from this formula.
2. Umbilical points on three-dimensional CR manifolds
In the theory of strictly pseudoconvex CR manifolds, the role of a flat model is played by
the Euclidian sphere in Cn+1. Roughly speaking, and mimicking the geometric meaning
of umbilical points in classical geometry of surfaces in R3, we say that a point p on a
strictly pseudoconvex hypersurface M = M2n+1 (where the superscript 2n + 1 denotes
the real dimension of M) is umbilical if there is a formal holomorphic embedding Z of M
at p into Cn+1 such that M can be approximated at 0 = Z(p) to a higher than expected
order by a sphere through 0 ∈ Z(M). By the work of Chern–Moser [4], the expected
order is 3 when n ≥ 2, and 5 when n = 1. As indicated in the introduction, we shall focus
on the case n = 1 in this paper. In this case, there is a formal embedding Z = (z, w) ∈ C2
5of M = M3 at p such that the formal image, still denoted M here by a slight abuse of
notation, is given as a formal graph of the form
(4) Imw = |z|2 +
∑
k,l≥2
Akl(z, z¯,Rew), Akl = Alk,
where each Akl is a polynomial of bidegree (k, l) in (z, z¯) with coefficients that are power
series in s. Moreover, a normal form, which is unique up to the action of the stability
group at 0 of the Heisenberg representation of the sphere (given by (4) with all Akl = 0),
can be achieved with
(5) A2,2 = A2,3 = A3,3 = 0.
Such a formal coordinate system Z = (z, w) is called a Chern–Moser normal coordinate
system and the defining equation (4) is then said to be in Chern–Moser normal form.
The lowest order terms that can appear in (4) are the terms of degree 6 given by
(6) A2,4(z, z¯, 0) = 2Re(c2,4z
2z¯4).
While the coefficients in the Chern-Moser normal form (4) are not invariants in general
(as the normal form is not unique), the property of the coefficient c2,4 being zero or
non-zero is easily seen to be invariant. It is thus clear that the point p ∈M is umbilical
precisely when the Chern-Moser coefficient c2,4 = 0. Moreover, we may in fact consider
the coefficient c2,4 as an invariant (usually called E. Cartan’s 6th order tensor or the
umbilical tensor) by noting the following transformation rule under changes of Chern–
Moser normal form.
Proposition 2.1. Let Z∗ = (z∗, w∗), Z = (z, w) be Chern–Moser normal coordinates for
M at p, and let Z∗ = H(Z) be the corresponding formal biholomorphic transformation.
Then the following transformation rule holds for the coefficient c2,4:
(7) c2,4 = (detHZ(0))
−1/3(detHZ(0))
5/3c∗2,4.
Proof. To convince oneself that if there is transformation rule of the form
(8) c∗2,4 = (detHZ(0))
a(detHZ(0))
bc2,4,
for some a, b, then it must be given by (7) (i.e., a = −1/3, b = 5/3), one should consider
first the simple biholomorphic mappings
(9) (z∗, w∗) = (δz, δ2w), (z∗, w∗) = (eitz, w), δ > 0, t ∈ R,
which preserve Chern–Moser normal form without further normalization. It follows read-
ily that the coefficient c2,4 satisfies the transformation rule (7) under these mappings and
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there are no other a, b such that (8) can hold. To prove the statement in general, one
may follow the calculations and arguments in [10] (see, e.g., Lemma 2.8). 
We remark that the definition of the umbilical tensor in terms of the Chern–Moser
normal forms is not particularly convenient to use in the study of the locus of umbili-
cal points, as this definition requires a renormalization process at each point to check
whether the point is umbilical. We shall instead describe a more convenient formula, first
introduced in [7].
2.1. A global formula for the umbilical tensor. Let M = M3 be strictly pseudo-
convex hypersurface in C2 defined by a real equation ρ = 0 with ρ ∈ C∞ and dρ|M 6= 0.
We let L be the (1, 0)-vector field
(10) L = −ρw ∂
∂z
+ ρz
∂
∂w
,
which is tangent to M . In [7], the following matrix was introduced,
(11) A3 = A3(ρ) :=


ρ3w L¯(ρ
3
w) · · · L¯4(ρ3w)
ρzρ
2
w L¯(ρzρ
2
w) · · · L¯4(ρzρ2w)
ρ2zρw L¯(ρ
2
zρw) · · · L¯4(ρ2zρw)
ρ3z L¯(ρ
3
z) · · · L¯4(ρ3z)
ρZ2(L, L) L¯(ρZ2(L, L)) · · · L¯4(ρZ2(L, L))

 ,
and it was shown that its determinant has certain invariance properties under rescalings
and changes of coordinates. Let ρ∗ = aρ, with a ∈ C∞ and a 6= 0, and let Z∗ = H(Z) be
biholomorphic mapping. Then, with A3 = A3(ρ) in the coordinates Z and A
∗
3 = A3(ρ
∗)
in the coordinates Z∗, we have on M
(12) a25 detA3 = (detHZ)
8(detHZ)
10 detA∗3.
It was also shown in [7] that in Chern–Moser normal coordinates Z = (z, w) and with ρ
in Chern–Moser normal form,
(13) detA3|Z=0 = B c2,4,
for some universal non-zero constant B. Thus, one concludes from (12) and (13) that
detA3 equals a non-zero function times the umbilical tensor, and one may study the
locus of umbilical points by considering the zero locus of detA3.
It is in fact possible to use detA3 to obtain an exact representation of the umbilical
tensor itself in any coordinate system Z = (z, w) and using any defining function ρ. To
7this end, we introduce Fefferman’s complex Monge–Ampere operator,
(14) J = J(ρ) := − det

 ρ ρz¯ ρw¯ρz ρzz¯ ρzw¯
ρw ρwz¯ ρww¯

 ,
which is easily verified to satisfy
(15) J = J˜ +O(ρ),
where
(16) J˜ := − det
(
ρz L¯ρz
ρw L¯ρw
)
.
Recall that the determinant J |M = J˜ |M vanishes precisely at the points where the Levi
form of M degenerates. Thus, if M is a strictly pseudoconvex hypersurface in C2, then
we may introduce an invariant Q, defined near M , as follows:
(17) Q :=
detA3
J˜25/3
.
In Chern–Moser normal cordinates Z and with ρ in Chern–Moser normal form, the
determinant J˜ equals a universal constant and, therefore, we have
(18) Q|Z=0 = B′ c2,4,
for some other universal constant B′ 6= 0. It follows from (17), Proposition 2.1, and the
following proposition that Q so defined is independent of the choice of defining function
and represents the umbilical tensor in any coordinate system:
Proposition 2.2. Let Z∗ and Z be any coordinate systems for M near p ∈ M , and let
Z∗ = H(Z) be the corresponding formal biholomorphic transformation. Let Q and Q∗
denote the invariants given by (17) using defining equations ρ and ρ∗ = aρ, for some
non-vanishing real function a, in the coordinate systems Z and Z∗, respectively. Then
the following transformation rule holds:
(19) Q = (detHZ)
−1/3(detHZ)
5/3Q∗.
Proof. This follows immediately from (12) and the corresponding transformation rule
(well known and also readily verified by calculations similar to those in [7]) for J˜ :
(20) a3J˜ = (detHZ)(detHZ)J˜
∗.

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We note that Proposition 2.2 establishes Q as a section of the line bundle
KM
1/3 ⊗KM −5/3 →M,
where KM denotes canonical line bundle of M , or equivalently the restriction of the
canonical line bundle K∗
C2
→ C2 to M , and K denotes the conjugate of a complex line
bundle K. The umbilical locus U of M is now defined as the zero locus of Q. Since
M ⊂ C2, we may fix a coordinate system Z and thus we may, and we shall, identify Q
with a function on M , given by (17). For practical purposes, we note that U can also
be defined by the vanishing of the function detA3 = detA3(ρ) for any choice of defining
function ρ for M .
2.2. The umbilical index of curves. If Γ is a closed oriented curve on M that does
not intersect the umbilical locus U , then its umbilical index IΓ is defined to be -1/2 times
the winding number of Q around Γ, and can be computed via the integral
(21) IΓ := − 1
4π
∫
Γ
dQ
Q
.
If Σ is an oriented 2-surface in M that intersects U at isolated points, then the umbilical
intersection index at a point p ∈ Σ∩U , denoted ιΣp, is defined to be the umbilical index of
Γ := ∂Σp, where Σp is a sufficiently small disk in Σ through p. Thus, by Stokes Theorem,
we have
(22) I∂Σ =
∑
p∈Σ∩U
ιΣp.
When U is a smooth curve at p ∈ U , then the local index at p, denoted ιp, is defined as
the umbilical intersection index at p with any 2-surface that intersects U transversally at
p. We note that we may use Q˜ := detA3 = detA3(ρ), for any choice of defining function
ρ, in place of Q to compute indices, since as noted above Q˜ = eQ for some non-vanishing
function e and, hence, dQ˜/Q˜ = dQ/Q modulo an exact form.
We observe that if M has no umbilical points (Q 6= 0 on M), then dQ/Q is exact
and the index of any curve is zero. Thus, the existence of a closed curve with non-zero
index guarantees the existence of a non-trivial umbilical locus. We also observe that
if the umbilical locus of M possesses a component U1 such that U1 is a curve whose
smooth points have non-zero local index, then small perturbations of M will also have
an umbilical locus with the same property. We shall refer to such umbilical points with
non-zero local index as stable umbilical points.
93. Grauert tubes and non-umbilical CR manifolds
Let (X = Xn, g) be a real-analytic Riemannian manifold, and let X˜ = X˜n be a com-
plexification of X . The complexification X˜ is a complex manifold of (complex) dimension
n containing X as a totally real n-dimensional manifold. By the work of Lempert-Szo˝ke
[15], Guillemin–Stenzel [11], there is a uniquely determined Ka¨hler potential ρ in a neigh-
borhood of X in X˜ satisfying the following conditions:
(i) X is given by {ρ = 0};
(ii) g˜|X = g, where g is the given Riemannian metric on X and g˜ is the Ka¨hler metric
corresponding to the Ka¨hler form ω := i∂∂¯ρ/2;
(iii) (∂∂¯
√
ρ)n = 0 on X˜ \X .
When X is compact, there is r0 > 0 such that the complex manifold X˜r := {ρ < r2}, for
0 < r < r0, is relatively compact in X˜ . The manifold X˜r is called the Grauert tube of
(X, g) of radius r.
The Grauert tubes can also be realized as the disk bundles T rX := {(x, v) ∈ TX : ||v||2 <
r2} by defining a unique complex structure on the tangent bundle TX , near the zero sec-
tion, in which ρ(x, v) = 2||v||2 satisfies the conditions (i)–(iii) above.
3.1. Non-umbilical CR manifolds as Grauert tubes. It was shown by Patrizio-
Wong [16] that Cartan’s families of CR manifolds µα ⊂ CP2 and µ(2)α ⊂ C3, for α >
1, realize boundaries of the Grauert tubes X˜r and X˜
(2)
r of the real projective 2-space
X = RP2 with its constant curvature metric and the 2-sphere X = S2 with the round
(constant curvature) metric, respectively. These Grauert tubes cannot be embedded into
C2, because if they could then their centers S2 and RP2 would be embedded as totally
real submanifolds in C2, which is impossible by a well known result of Wells ([20]; see
also [1] and [9]). The only Grauert tubes that can be embedded in C2, for the same
reason, are those where the center is either the 2-torus T2 (the compact orientable case
with genus 1) or a compact non-orientable 2-surface (Klein surface) of genus 2 mod 4
(see [9]), and these can indeed be embedded in C2, at least for sufficiently small radii
r. The key to Theorem 1.1 is that the strictly pseudoconvex domains Dǫ are actually
Grauert tubes of the 2-torus X = T2 equipped with the flat metric.
Sketch of Proof of Theorem 1.1. It is not difficult to check that the Grauert tube of radius
r of R2 with the (Euclidian) flat metric is given by T r = T rR2 := {(ζ, ξ) ∈ C2 : ρ < r2},
where
(23) ρ = ρ(ζ, ξ, ζ¯, ξ¯) := (Im ζ)2 + (Im ξ)2 .
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The boundary ∂T r is one of E. Cartan’s homogeneous, noncompact, non-spherical,
strictly pseudoconvex CR manifolds of dimension three [2, 3]. In particular, since ∂T r
is homogeneous and non-spherical, it is non-umbilical at every point. Next, we let Λ be
the subgroup of the group of rigid motions (isometries) of R2 that generate the lattice
spanned by (2π, 0), (0, 2π), so that the standard 2-torus T2 is given by R2/Λ. The poten-
tial ρ in (23) is invariant under Λ and therefore it descends to C2/Λ, where we still denote
it by ρ. The Grauert tube of (X = T2, gflat), where gflat denotes the flat metric on the
2-torus, of radius r is then given as the domain in C2/Λ by X˜r := {ρ < r2}. The domain
Dǫ in Theorem 1.1 is now the image of X˜r, with r = ǫ/2, under the biholomorphic map
H(ζ, ξ) := (eiζ , eiξ). 
We observe that the Grauert tubes of the Klein Bottle K = RP2#RP2 (the compact
non-orientable surface of genus 2) can be constructed in a similar way by considering
instead the subgroup Λ that generate K = R2/Λ. These Grauert tubes can also be em-
bedded in C2, for sufficiently small radii r, by complexifying any real-analytic embedding
of K (see [18] for an explicit such embedding).
Grauert tubes of constant curvature Riemann surfaces of higher genus can be con-
structed by starting with hyperbolic space H2 and its constant scalar curvature metric
gcsc. The Grauert tubes of (H
2, gcsc) can be realized as the complex manifolds Ωα ⊂ C3,
for −1 < α < 1, given by
(24)
z21 + z
2
2 − z23 = −1,
|z1|2 + |z2|2 − |z3|2 < α.
In this model, the hyperbolic space H2 corresponds to the set of real points on z21 +
z22 − z23 = −1 such that z3 = x3 > 0. The action of the space of isometries of H2 on
the Grauert tubes is via the orthogonal group O+(2, 1) preserving x3 > 0. The Ka¨hler
potential ρ is an increasing function of |z1|2+ |z2|2−|z3|2 ∈ (−1, 1); indeed, it was shown
in [14] that ρ is given by
(25) ρ =
(
arccos(|z1|2 + |z2|2 − |z3|2)− π
)2
/2,
and the Grauert tubes can be defined as Ωα = {ρ < r2, r = r(α)}. The function ρ is
clearly invariant under the action of O+(2, 1). Recall that any compact orientable surface
(Riemann surface) of genus ≥ 2 and any compact nonorientable surface (Klein surface)
of genus > 2 can be represented as H2/Λ, where Λ is a discrete subgroup (an NEC
group; Fuchsian in the orientable case) of the space of isometries of H2. Consequently,
the Grauert tube of radius r, for sufficiently small r, of any compact constant curvature
surface X , of genus ≥ 2 in the orientable case and > 2 in the non-orientable case, can
be obtained by taking a quotient of Ωα by the action of Λ. Moreover, one can show (see
11
e.g. [14]; also in [2, 3]) that the boundaries of these Grauert tubes X˜r = Ωα/Λ are non-
spherical, except for one specific radius r = rsph. Since the boundaries ∂X˜r are locally
CR equivalent to the homogeneous, non-compact boundaries ∂Ωα, and hence locally
homogeneous, we conclude that that the boundary ∂X˜r of the Grauert tube of radius
r 6= rsph of such a compact, constant curvature surface X has no umbilical points. Recall
that a compact orientable 2-surface of genus ≥ 2 cannot be embedded as a totally real
submanifold in C2, and hence its Grauert tubes cannot be embedded in C2. However, any
compact, non-orientable surface X of genus 2 mod 4 can be real-analytically embedded
as a totally real submanifold in C2 (see, e.g., [9]) and, hence, its Grauert tubes X˜r, for
sufficiently small r > 0, can be holomorphically embedded in C2. This provides examples
of domains in C2, without umbilical points on the boundary, that are Grauert tubes of
compact (non-orientable) surfaces of arbitrarily high genus.
3.2. Domains in C2 with non-umbilical boundary and large negative Euler
characteristics. The discussion in the preceding subsection allows us to formulate the
following theorem:
Theorem 3.1. For every integer χ ≤ 0 such that χ = 0 mod 4, there exists a bounded
strictly pseudoconvex domain D ⊂ C2 such that
(i) The boundary M := ∂D ⊂ C2 is a compact strictly pseudoconvex CR manifold
without umbilical points.
(ii) D is homotopy equivalent to a compact surface X with Euler characteristic χ. If
χ < 0, then X is non-orientable.
Proof. Recall that a compact non-orientable surface X of genus h ≥ 1 has Euler charac-
teristic χ = 2−h. Thus, for such surfaces of genus h = 2 mod 4, we obtain χ = 0 mod 4
and every χ ≤ 0 with this property is realized for some h = 2 mod 4. We also recall
that the Grauert tube of radius r of a surface X can be realized as the disk bundle of
radius r in the tangent bundle, and hence is homotopy equivalent to X . The conclusions
of the theorem now follow from the discussion in the previous subsection by taking D to
be a Grauert tube of sufficiently small radius 0 < r 6= rsph of a compact non-orientable
surface X of genus h = 2−χ (or if χ = 0 one can instead take X to be the 2-torus, which
also has Euler characteristic 0), equipped with the constant curvature metric. 
Remark 3.2. We note that the Chern–Moser Question 1.2 essentially asks for a smoothly
bounded strictly pseudoconvex domainD ⊂ C2, without umbilical points on its boundary
and such that D is diffeomorphic to a ball. Such a domain would then be contractible
(homotopic to a point) and would therefore have Euler characteristic one. Another less
specific question, motivated by Theorem 3.1, would be: Are there smoothly bounded
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strictly pseudoconvex domains D ⊂ C2, without umbilical points on its boundary and
with positive Euler characteristic?
4. Perturbations of the sphere
Motivated by Question 1.2, we shall consider small perturbationsMǫ of the unit sphere
S3 ⊂ C2. We consider a defining function ρǫ, for small ǫ > 0, of the form
(26) ρǫ = ρ0 + ǫρ′ +O(ǫ2), ρ0 = |z|2 + |w|2 − 1,
where ρ′ is a smooth real-valued function of z and w, and ρǫ − ρ0 has no constant or
linear term. We observe that the tangent (1, 0)-vector field Lǫ = −ρǫw∂/∂z + ρǫz∂/∂w is
of the form
(27) Lǫ = L0 + ǫL
′ +O(ǫ2), L0 = −w¯ ∂
∂z
+ z¯
∂
∂w
.
The following was observed in [7]:
Proposition 4.1 ([7]). For a perturbation of the form (26),
(28) detA3(ρ
ǫ) = c0L¯
4
0(ρ
′
Z2(L0, L0))ǫ+O(ǫ
2),
where c0 is a universal polynomial that does not vanish on the unit sphere ρ
0 = 0.
We shall denote by Q0 the linear partial differential operator
(29) Q0(R) := L¯40(RZ2(L0, L0)),
which appears in the leading term in the asymptotic expansion of detA3(ρ
ǫ). Thus, we
can detect umbilical points on Mǫ, for sufficiently small ǫ > 0, by finding a closed curve
Γ on the unit sphere M0 = S
3 such that
(30) Q′ := Q0(ρ′) = L¯40(ρ
′
Z2(L0, L0))
has non-vanishing winding number around Γ:
Proposition 4.2. Let Mǫ be defined by ρ
ǫ = 0, where ρǫ is given by (26), and let Q′ be
given by (30). If there exists a closed curve Γ on M0 = S
3 such that Q′ 6= 0 on Γ and
(31)
∫
Γ
dQ′
Q′
6= 0,
then, for sufficiently small ǫ > 0, the umbilical locus of Mǫ contains at least one non-
trivial curve. More precisely, the umbilical locus contains either a 2-surface, or a curve
of stable umbilical points.
Proof. This follows from Proposition 4.1, the discussion in Section 2.2, and a simple
approximation argument left to the reader (see also [7]). 
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We shall consider, for simplicity, perturbations (26) where ρ′ is a polynomial in Z =
(z, w) and Z¯. We may decompose the space of polynomials C[Z, Z¯] as follows:
(32) C[Z, Z¯] = ⊕∞k=0 ⊕p+q=k Hp,q,
where Hp,q denotes the space of polynomials of bidegree (p, q) in (Z, Z¯). We note that the
linear partial differential operator Q0 maps P ∈ Hp,q to Q0(P ) ∈ Hp+2,q−2, where Ha,b is
understood to be {0} if a or b is negative. We also note that PZ2(L0, L0) ∈ Hp−2,q+2, and
we conclude that Q0(P ) = 0 unless both p and q satisfy p, q ≥ 2. If ρ′ is a real-valued
polynomial of degree m, without constant or linear terms, then we may decompose it as
follows:
(33) ρ′ =
m∑
k=2
∑
p+q=k
ρ′p,q, ρp,q = ρ
′
q,p,
where each ρ′p,q ∈ Hp,q. As a consequence we obtain, for Q′ given by (30),
(34) Q′ =
m∑
k=4
k∑
l=4
Q′l,k−l, Q
′
l,k−l = Q
0(ρ′l−2,k−l+2).
Recall now that the unit sphere M0 = S
3 in C2 can be identified with the unit sphere
bundle S˜3 in the universal bundle O(−1) → CP1 over the complex projective plane by
blowing up the origin in C2, and we let Q˜′ denote the function Q′ in (30) under this
identification. If we let [z, w] be homogeneous coordinates in CP1 and U0 the chart
where w 6= 0, then we can let z˜ = z/w be a local coordinate in U0 and ζ 7→ ζ(z˜, 1) a local
trivialization of O(−1)|U0 → U0. The unit sphere S˜3 is then given by
(35) |ζ |2(|z˜|2 + 1) = 1.
In these coordinates, the function Q˜′ can be extended off S˜3 to O(−1)|U0 as a rational
function R = R(ζ, z˜, ¯˜z) of ζ with coefficients that are rational functions of z˜ and ¯˜z. The
details can be found in [7], but the upshot is that R has the form
(36) R =
m∑
k=4
k∑
l=4
Rl,k−l =
m∑
k=4
k∑
l=4
ql,k−l(z˜, ¯˜z)
(1 + |z˜|2)k−l ζ
2l−k,
where the coefficients ql,k−l are polynomials in z˜ and ¯˜z. If we collect terms of equal powers
in ζ , we may rewrite R in the form
(37) R =
m∑
r=8−m
br(z˜, ¯˜z)
(1 + |z˜|2)sr ζ
r =
1
ζm−8
2m−8∑
k=0
bk+8−m(z˜, ¯˜z)
(1 + |z˜|2)sk+8−m ζ
k,
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where the sr are positive integers and the br are polynomials in z˜ and ¯˜z. We observe now
that if, for a fixed z˜ ∈ U0, the rational function Rz˜ := R(·, z˜, ¯˜z) does not vanish on the
circle Γ given by
(38) |ζ |2 = 1
1 + |z˜|2 ,
then by the Argument Principle the winding number of R along the closed curve Γ can
be computed as the difference between the number of zeros of Rz˜ and the number of its
poles inside the disk bounded by Γ. In particular, if the br in (37) are zero for r ≤ 0, then
Rz˜ is a polynomial vanishing at ζ = 0, forcing the winding number to be positive, and
therefore, by Proposition 4.2, the umbilical locus of Mǫ contains at least one non-trivial
curve for sufficiently small ǫ. It is shown in [7] that Rz˜ is indeed a polynomial in ζ that
vanishes at ζ = 0 when ρ′ satisfies the condition ρ′p,q = 0 for |p − q| ≥ 4. Note that in
the special case where ρ′p,q = 0 for p 6= q, then ρ′ is invariant under the circular action
t 7→ eit(z, w), which motives the following terminology:
Definition 4.3. A polynomial P =
∑m
k=0
∑
p+q=k Pp,q is said to be almost circular if
Pp,q = 0 for |p− q| ≥ 4.
If ρ′ is such that ρ′p,q 6= 0 for |p− q| = 4, then R, as a rational function of ζ , will have a
non-trivial constant term. If, furthermore, ρ′ = 0 for |p− q| ≥ 5, then R is a polynomial
in ζ with a constant term, and one would need to analyse closer the dependence on z˜ of
its coefficients to determine if it has zeros inside Γ for some choice of z˜. The reader is
referred to [7] for more detailed formulas representing these coefficients.
We shall denote by ACm the subspace of real-valued polynomials of degree at most m
that are almost circular. It is shown in [7] that almost circular perturbations Mǫ of the
unit sphere generically have a non-empty locus of umbilical points. In order to prove
that Mǫ has umbilical points using the arguments outlined above, we must also assert
that there exists a point z˜ ∈ U0 such that R does not vanish on the corresponding circle
Γ. This will not happen for every almost circular ρ′, but fails only for such ρ′ that lie on
a proper real-algebraic subvariety in ACm. This was proved in [7], which resulted in the
following result:
Theorem 4.4 ([7]). For m ≥ 4, there is a real-algebraic subvariety Ξm ⊂ ACm of
dimension strictly less than that of ACm such that if ρ′ ∈ ACm \Ξm, then, for sufficiently
small ǫ > 0, the locus of umbilical points U on the perturbation Mǫ, given by (26),
contains a curve of umbilical points. More precisely, the umbilical locus contains either
a 2-surface, or a curve of stable umbilical points.
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We shall conclude this paper by considering a special case of almost circular pertur-
bations ρ′ that are not generic, i.e., for which ρ′ ∈ Ξm.
4.1. Real ellipsoids and ellipsoidal perturbations. A special family of almost cir-
cular perturbations occurs when
(39) ρ′ =
(
A(z2 + z¯2 + 2|z|2) +B(w2 + w¯2 + 2|w|2)) , A, B ≥ 0, AB 6= 0
In this case the CR manifolds Mǫ given by (26) are real ellipsoids in case the terms
O(ǫ2) are not present, and ellipsoids to first order in ǫ in general. It is easy to see that
Q0(ρ′) = 0, and hence such perturbations Mǫ will not be generic in the sense of Theorem
4.4. Instead, the leading term in the asymptotic expansion of detA3(ρ
ǫ) will be the ǫ2-
term. This term is calculated and analysed in [7], and as a result the following result is
obtained:
Theorem 4.5. Let ρ′ be given by (39) and Mǫ by (26). Then, for sufficiently small
ǫ > 0, the locus of umbilical points U on the perturbation Mǫ contains a curve of umbilical
points. More precisely, the umbilical locus contains either a 2-surface, or a curve of stable
umbilical points.
In particular, it follows that real ellipsoids close to the sphere always possess a curve
of umbilical points, a fact previously proved (for all ellipsoids, not just those close to the
sphere) by X. Huang and S. Ji in [12].
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